We propose to realize a p-wave superfluid using bosons mixed with a single species of fermions in a deep optical lattice. We analyze with a self-consistent method its excitation spectrum in presence of a vortex, and we point out the range of interaction strengths in which the zero-energy mode with topological character exists on a finite optical lattice. Lattice effects are strongest close to fermionic half-filling: here the linearity of the low-lying spectrum is lost, and a new class of extended zeroenergy modes with checkerboard structure and d-wave symmetry appears.
Pairing physics plays a central role in systems as diverse as neutron stars, liquid Helium, solid state superconductors and ultracold dilute gases [1] . Important advances in our understanding of this fascinating phenomenon came from the recent theoretical and experimental progresses made with two-component fermionic gases [2, 3] . In these systems, pairing occurs mainly in the s-wave channel and pairs have vanishing angular momentum. Ultracold atoms may provide the highly-controlled experimental framework needed to prepare and study unconventional superfluids, composed of pairs having a non-zero angular momentum. In two dimensions (2D), these superfluids feature anyonic excitations with a linear (Dirac-like) spectrum, and zero-energy excitations with topological character and non-Abelian statistics [4] [5] [6] [7] . For p-wave symmetry, these excitations are analogous to the ones found in the ν = 5/2 Fractional Quantum Hall physics. Due to their insensibility to local perturbations, non-Abelian anyons are very appealing for applications in Topologically-protected Quantum Computation [8] .
Although strong interactions between identical fermions have been obtained close to a p-wave Feshbach resonance [9] [10] [11] , experiments so far failed to reach the superfluid regime since three-body collisions severely limit the lifetime of the gas. Recent theoretical proposals to realize long lived p-wave superfluids relied either on ensembles of 2D fermionic polar molecules dressed with radio-frequency [12] or on suppression of three-body collisions through the Quantum Zeno effect [13] . Realization of p-wave and d-wave superfluids in shallow lattices has been proposed in Refs. [14, 15] . Large p-wave interactions are also predicted to arise between 3D lattice fermions in contact with 2D dipolar bosons [16] .
In this paper, we propose to realize a stable p-wave superfluid in an optical lattice by doping a bosonic Mott state with a single fermionic species. We study its excitation spectrum in presence of a vortex by means of a self-consistent Bogolubov-de Gennes (BdG) approach. As shown in the seminal paper of Read and Green [4] ,
The dispersion E(k)/t of a vortex-free chiral pwave superfluid on a lattice, Eq. (4), vanishes linearly around the Dirac points. These gapless points appear, from left to right, at µ = −4t, 0, 4t, and they separate different topological phases, each identified by a set {ζ k }. The four indices of the set are 0 or 1, depending on whether the momentum state with kd = {(0, 0), (π, 0), (0, π), (π, π)} is empty or occupied [25] . While the topological transition at µ = −4t is analogous to the one found in the continuum, the ones at µ = 0, 4t are entirely due to lattice physics. a 2D p-wave superfluid in the continuum has a zero energy excitation (Majorana mode) with exotic topological properties. In a lattice of finite extension, comparable to the ones found in current experiments, we find that the zero-energy Majorana mode survives only for intermediate interaction strengths. Moreover, the lattice brings along a number of peculiar effects. In particular, we find that at half filling the spectrum becomes gapless and the gas undergoes a Topological Phase Transition (TPT). Close to criticality, a new class of extended zero-energy modes appears, characterized by a distinctive checkerboard structure and d-wave symmetry.
Our proposal to form a p-wave gas employs a BoseFermi mixture in a deep lattice. We choose the chemical potential for the bosons such that, in the absence of fermions, the bosons form a Mott state with unit filling. As described in Ref. [17] , adding identical fermions with filling 0 < F < 1 yields a system that may be described by an effective Hamiltonian for composite fermions (fermion+boson, or fermion+bosonic hole, depending on the sign of the interspecies interaction). At low temperatures the identical composite fermions cannot collide in s-wave due to Pauli exclusion principle, and the interaction has a dominant p-wave character. Superfluidity occurs when both Bose-Fermi and Bose-Bose interactions are repulsive and satisfy |U bf | > |U bb | > 0, giving an attractive (superexchange) nearest-neighbor interaction between fermion-hole composites; this interaction is characterized by U/t = 2(U bf /U bb − 1) for the coupling constant between nearest neighbors of a FermiHubbard model [17] . Here t = 2J
2 /U bf is the tunneling energy of the composites, and J is the corresponding energy for single particles. We assume for simplicity equal values of J for both bosons and fermions, but the scheme can be easily generalized to the case J b = J f . The full tight-binding Hamiltonian for composites with chemical potential µ on a square lattice with N = L * L sites reads
In order for this single-band approximation to be valid, the interband gap should be larger than both the thermal and interaction energies. This can easily achieved in typical deep lattice setups. Employing an s-wave Feshbach resonance to increase U bf or decrease U bb allows one to reach the large values of U/t needed to obtain, as we will see, bulk gaps of order the hopping t [18] , and therefore (within a mean-field calculation) estimated critical temperatures of order the super-exchange interaction [19] . Super-exchange effects have been recently observed in a bosonic gas [20] , and with the development of novel cooling strategies (see e.g. [21] ) such physics seems to be at reach in the near future in lattice mixtures. The desired control over the relevant parameters could for example be obtained in a 171 Yb-174 Yb mixture, where at zero magnetic field one has U bf /U bb ∼ 4 [22] , or in a 6 Li-7 Li mixture, where U/t may be tuned employing well-characterized homonuclear and heteronuclear s-wave Feshbach resonances [23] . It should be noticed that in our proposal three-body losses are expected to be severely limited, since we employ only s-wave Feshbach resonances, and in real (virtual) processes sites are never occupied by more than one (two) particle(s).
Following the standard BCS treatment, we introduce the p-wave gap function ∆ ij = U c i c j , which is naturally antisymmetric due to the anticommuting properties of the fermionic operators c i . Keeping only quadratic terms in the fluctuations around the mean-field, the Hamiltonian may be diagonalized by means of the operators 2N ) , leading to the BdG equations (c.f. [6] ):
Here h 0 u n (i) = −µu n (i) − t j,i u n (j) is the ideal-gas tight-binding Hamiltonian, while the pairing operator∆ satisfies∆ † = −∆ * , and acts on the quasiparticle wavefunctions as∆u n (i) = i,j ∆ ij u n (j) (the two sums above run over j only). The 2N allowed energies appear in pairs of opposite sign since the Hamiltonian is symmetric under the exchange of {E n , ψ n } with {−E n , σ 1 ψ * n )}, where σ 1 is the first Pauli matrix and ψ n = (u n , v n )
T . Anyway, only the N excitations with E n ≥ 0 are physical and will be considered in the following. As a consequence of this symmetry, if there exists a solution with E 0 = 0, the associated wavefunction may be chosen to satisfy the condition u 0 = v * 0 . The self-consistency condition, or gap-equation, reads
with k B the Boltzmann constant and T the temperature. The total number of particles is
where f (E) is the Fermi distribution, and the lattice filling is
On a lattice, the dispersion relation for a homogeneous (vortex-free) chiral (p x ± ip y ) superfluid with order parameter
where 
2 is the amplitude of the gap around a vortex with core size σ, and r i and θ i are the polar coordinates of site i with respect to the core. The chirality factor χ for p x +ip y pairing takes the values χ = ±1 when j = i ±x, and χ = ±i when j = i ±ŷ. Finally, w = ±1 is the direction of rotation of the vortex with respect to the chirality. The results presented here are obtained on a lattice with 25 * 25 sites, which is experimentally feasible, and large enough to obtain a satisfactory qualitative description of larger lattices [26] .
In the absence of a confining potential, the physics in the lattice exhibits particle-hole symmetry around the half-filling point µ = 0. For µ < 0 (µ > 0), one has 0 < F < 1/2 (1/2 < F < 1), and the superfluid may be identified with a condensate of pairs of particles (holes). The gap function and the energy of the eigenstates depend only on the modulus of µ, but the wavefunctions u Fermionic filling F Bulk gap ∆ 0 and lowest energy eigenvalues at U=5t and v depend also on its sign, since the two phases 1000 and 1110 are topologically distinguishable [25] .
In the continuum, zero energy modes appear when the chemical potential becomes positive, the so-called weak pairing phase. Correspondingly, in a lattice the weak pairing phases are found for chemical potentials in the range −4t < µ < 0 and 0 < µ < 4t for particles and holes, respectively. As shown in Fig. 2 , at intermediate fillings and for sufficiently strong interactions (t U 10t) the T=0 bulk gap ∆ 0 (defined as the modulus of ∆ i,j away from the vortex core) rises to values ∼ t indicating large pairing correlations, and the low energy spectrum of the BdG Hamiltonian becomes linear, |E n | ∼ nω 0 , where n = 0, 1, 2, . . . [27] . In particular, there exists a quasi-Majorana fermion excitation ψ 0 with u 0 ≃ v * 0 and an extremely small eigenvalue, E 0 ≪ ∆ 0 . For very strong attraction (U 10t) the vortex core size shrinks below a lattice constant, and the lowest energy excitation loses its topological quasi-Majorana character. Moreover, too large values of U/t should be avoided since they lead to phase separation [14, 28] . As intuitively expected from swave BCS theory, we have checked that a quasi-Majorana mode is present as long as the temperature is smaller than ∆ 0 , the bulk gap at T = 0.
In Fig. 3 we show a typical ψ 0 in the weak pairing phase; similarly to the continuum zero-modes [4] [5] [6] , it exhibits oscillations which are exponentially damped away from the vortex core. When the vortex rotates in the (opposite to the) direction of the chirality, i.e., w = +1 (w = −1), |ψ 0 | has a node (a maximum) at the vor- tex core. The lattice effects are clearly reflected in four typical features: the energy of quasi-Majorana mode E 0 exhibits oscillations as a function of F (see Fig. 2d ), corresponding to the appearance of new nodes within the finite extension of the lattice; the nodal structure of the wavefunctions is aligned along the lattice axes to minimize energy; for the level spacing we find ω 0 ∼ ∆ 0 , while in the continuum one has ω 0 ∼ ∆ 2 0 /ǫ F with ǫ F the Fermi energy; finally, at half-filling the momentum distribution ψ 0 (k) is peaked at the minima (Dirac points) of the dispersion relation of Fig. 1(center) .
The lattice effects are most strongly noticeable at halffilling (µ = 0), where the lattice spacing gets to coincide with half the period of the lowest energy excitation oscillations. Already in the homogeneous, vortex free case, there exist two zero-energy "stripe modes", since the dispersion vanishes at the gapless points k = (0, ±π) and k = (±π, 0), see Eq. (4) and Fig. 1(center) , and these modes may combine to form a checkerboard d-wave pattern. In presence of a vortex Eq. (4) does not hold, and the situation is more complex. The system minimizes its energy by arranging itself in a d-wave checkerboard pattern, the vortex core being occupied, see Fig. 4 . With open boundary conditions, however, this pattern is commensurate with the lattice only when L (the number of sites per lattice side) is odd: in this case, the corresponding mode has a vanishingly small eigenvalue [25] . If L is even, this zero is lifted and the spectrum contains two identical lowest eigenvalues. This situation is reminiscent of the spectrum of a non-interacting chain, where the presence of a zero eigenvalue depends on its even or odd length. Lattice effects at µ = 0 also destroy the linearity of the low energy part of the spectrum, see Fig. 2c .
For odd L, ψ 0 strongly depends on the direction of rotation of the vortex with respect to the chirality, as shown in Fig. 4 . When the two counter-rotate (w = −1), the even symmetry of the wavefunction is compatible with the requirement of d-wave symmetry at half filling. As F approaches 1/2, ψ 0 smoothly evolves towards a wavefunction tightly localized around the core. When instead w = 1, as discussed above, away from half-filling the lowest energy excitation has a node in the vortex core. This is not compatible with the checkerboard structure minimizing the energy at half-filling. As a consequence, approaching the Topological Critical Point (TCP) µ = 0 the symmetry of the lowest energy excitation suddenly changes, and ψ 0 spreads over the whole lattice. The sudden spreading of ψ 0 is signalled by the sharp crossing of the two lowest eigenvalues, as marked by an arrow in Fig. 2c-d . On a finite lattice, the detection of this extended state would therefore be a clear experimental signature of the vicinity of the TCP.
The general features discussed above persist even in the presence of an external harmonic confinement, provided this varies sufficiently slowly in the central part of the lattice. In particular, we find that the low-energy section of the (positive) spectrum in the weak pairing phase is still approximately linear and admits an eigenvalue E 0 ≪ ∆ 0 . Nonetheless, the confinement destroys the aforementioned particle-hole symmetry, and the spatial inhomogeneity makes it difficult to observe the formation of the checkerboard state around half-filling. To avoid this problem, optical potentials formed by higher order Laguerre-Gauss beams, or by "light sheets", could be used; they yield potentials of the form ∝ x 2ν + y 2ν , characterized by a rather uniform central region and steep confining walls. Simulations for the experimentally feasible case ν = 2, w = 1, and F ≃ 0.22, lead to µ = 0, and exhibit quite nicely a checkerboard quasi-zero mode with significant extension. This structure could be detected experimentally via spatially-resolved polarization spectroscopy [29] , while Majorana modes may be observed via radio-frequency absorption [30] .
In conclusion, we have proposed a novel scheme to realize stable p-wave superfluids in optical lattices, and we have shown that even in presence of a relatively small lattice, the lowest energy excitation preserves its topological character. Optimal filling factors and interaction strengths to obtain Majorana modes are F ∼ 1/4 (or equivalently F ∼ 3/4) and U/t ∼ 5, where the ratio E 0 /∆ 0 is smallest. At the critical point µ = 0, the system still possesses a zero mode, but the linear structure of the low energy part of the spectrum is lost. Here, the system favors the formation of checkerboard order. If the vortex rotates in the same direction as the chirality, the vicinity of the topological phase transition is signalled by the abrupt spreading of the lowest energy excitation wavefunction. These results are robust for temperatures below the super-exchange interaction and even in presence of an external confinement.
